Based on certain assumptions, the dynamic mechanical model for frame supporting structure of slope is established, the dynamic equilibrium governing equation for vertical beam under forced vibration is derived, and hence its analytical solutions to harmonic forced vibration are obtained. What is more, the finite difference format and corresponding calculation procedure for vertical beam under forced vibration are given and programmed by using MATLAB language. In the case studies, comparative analyses have been performed to the response of vertical beam under horizontal harmonic forced vibration by using different calculating methods and with anchoring system damping effect neglected or considered. As a result, the feasibility, correctness, and characteristics of different methods can be revealed and the horizontal forced vibration law of vertical beam can be unveiled as well.
Introduction
Frame supporting techniques of slope have been widely applied due to their outstanding advantages [1] . The forcetransferring mechanism is that the frame supporting structure transmits the earth pressure or additional forces (such as seismic loading) it bears to the bolt, then transmits them to deep stable ground, and guarantees the safety of slope. It is obvious that frame supporting structure is a very important component in the whole system. Frame supporting structure always consists of horizontal beam and vertical beam, which are casted by concrete and shelved or mounted on slope surface. It functions by fixing the intersection of horizontal beam and vertical beam through anchor. Even though previous earthquake damage surveys have revealed that frame supporting techniques of slope show good seismic performance [2] , the additional seismic stress triggered by strong earthquake is still high enough to cause the failure of frame supporting structure, such as inclined section shear failure or normal section bending failure, and cause secondary geological hazards. In terms of the mechanical characteristics of frame supporting structure of slope, quite a lot of researches have been conducted. For example, comparing with field tests, Yang et al. [3] have put up forward the calculating model and equation for frame supporting structure with anchor based on the principle of elastic foundation beam. Tian et al. [4] have given the finite difference format for the internal force calculation of frame supporting structure with bolt based on Winkler elastic foundation model and node deformation compatibility. Lin [5] has analyzed the influence of slope rate and anchoring force and so forth to the internal force through laboratory model test of frame supporting structure. Zhu et al. [6] have studied the distribution law of frame internal force and nodal force between horizontal beam and vertical beam by in situ test. Based on Winkler elastic foundation beam theory and certain assumptions, Dong et al. [7] have established a dynamic computing model for frame supporting structure with prestressed anchor and given the analytical solution to harmonic forced vibration by using modal analysis method. However, the mechanical characteristics of frame supporting structure of slope not only involve the mutual interaction among beams, ground, and anchors, but also should consider the deformation compatibility within the structure. What is 2 Mathematical Problems in Engineering more, current studies only focus on statistic problems, while few researches have paid attention to dynamic problems, and no related code can be referred to as well. Therefore, the dynamic behaviors of frame supporting structure of slope under harmonic forced vibration are explored in this paper, and this research can provide some theoretical support to the calculation of dynamic force and reinforcement of the structure.
Dynamic Mechanical Model of Frame
Supporting Structure of Slope
Basic Assumptions.
Under the horizontal seismic loading, the dynamic mechanical model of frame supporting structure of slope is established based on following assumptions.
(1) Beams and ground of slope are considered as continuous, isotropic, and elastic, and only the elastic dynamic problems are analyzed.
(2) Space torsional effect of beams is neglected; horizontal beam and vertical beam are viewed as independent continuous beam, respectively. Meanwhile, the mutual interaction among horizontal beam, vertical beam and anchor is considered through node deformation compatibility.
(3) Under the horizontal seismic loading ( ) from slope bottom, the beams and the ground of slope keep contact all the time, and the interaction between them is simulated as horizontal linear spring model, the mechanical effect of which is similar to Winkler elastic foundation beam [8] [9] [10] [11] [12] [13] . Therefore, the stiffness coefficient 0 can be determined by referring to the theory of elastic foundation beam. The bottom of vertical beam is considered as sliding support which only subjected to vertical constraint, for its horizontal constraint is so slight that can be neglected.
(4) Influenced by slope height, the particle load acceleration of frame is ( ) = ( + 0 ) ( ), in which the value for the amplification coefficient of acceleration ( + 0 ) refers to literature [14] , where is the vertical height from the particle to lower platform and 0 is the vertical length from lower platform to slope bottom.
So the dynamic mechanical model of horizontal beam and vertical beam is almost the same, and the only difference between them lies in the characteristic of particle load acceleration function. More specifically, the corresponding parameter of horizontal beam (ℎ + 0 ) is constant. In other words, the horizontal seismic acceleration for the whole horizontal beam is the same at the same time. However, for the vertical beam, the corresponding parameter of slopeheight effect would change with the change of particle height; as a result the particle load acceleration along the vertical beam would vary at the same moment. Therefore, the dynamic response of horizontal beam can be viewed as a special case of vertical beam, namely, that the particle acceleration of beam is the same, so the analyses for vertical beam can be extended to horizontal beam. Dynamic response analysis for vertical beam is conducted as follows.
Dynamic Governing Equation.
According to structural dynamic theory and above basic assumptions, the dynamic mechanical model of vertical beam is shown in Figure 1 .
Based on the layout scheme of slope bolts, the vertical beam of the frame supporting structure can be divided into sections. To th section, the segment of infinitesimal length / sin is chosen to perform the dynamic response analysis, just as the revelation of Figure 1 . According to D' Alembert principle, the dynamic equilibrium equation for this segment of infinitesimal length can be expresses as
where and represent the shear force and horizontal displacement of vertical beam, respectively, is slope angle, and the mass of the segment of infinitesimal length is = ( ℎ/ sin ) , where , ℎ, and are the width, height, and density of vertical beam, respectively. Equation (1) can be simplified as
, and = ℎ 3 /12sin 3 , the dynamic equilibrium can be further simplified as
Given that 1 = ℎ/ sin , and 2 = 0 / sin , the dynamic governing equation can be transformed into
2.3. Boundary Condition. According to the above basic assumptions, the boundary condition for the dynamic response of vertical beam could be obtained:
Meanwhile, according to the principle of deformation compatibility, in the outside endpoint of anchor, namely, that the demarcation point of vertical beam, the displacement , rotation angle , and bending moment should meet the following conditions:
where is the inclined angle of the th row anchor and 2 ( 2 , ) is the displacement of th row anchor of which, under horizontal seismic loading ( ) from slope bottom, the specific formula can be found in the literature [15] , which is based on some assumptions of using the Kelvin-Voigt model to simulate the interaction between anchoring section and the surrounding rock-soil mass, the inertial dynamic action of slope structure which exerts on the free section can be simplified as the equivalent lumped mass that acts on the end of free section, just as illustrated in the 2th row anchor of Figure 1 
Analytical Solutions to Vertical Beam under
Harmonic Forced Vibration
Theoretical Analysis.
Coordination is considered and steady-state complex method is used to the derivation of harmonic forced vibration response of vertical beam. It is assumed that the solution to the governing equation (4) is ( , ) = ( ) . Then
Given that 1 = (1 − ), 2 = (1 + ), 3 = (−1 + ), and 4 = (−1 − ), the complex solution to (7) is
where 1 , 2 , 3 , and 4 are constant complex coefficients, which can be decided by specific boundary condition. Likewise, the horizontal displacement, bending moment, and shear force of the th section in the vertical beam can be expressed as
= (
Meanwhile, according to literature [15] , the displacement response of the outside endpoint of anchor under horizontal harmonic loading can be simplified as 2 ( 2 , ) = .
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It is assumed that (ℎ ) = cos . Substitute them into boundary condition equations (5) and (6). Then 
The above linear equations can be solved by matrix method. It is assumed that
Then (10) can be expressed as matrix format:
where 
⋅ ⋅ ⋅ 0 0 0 0 
After getting constant complex coefficient 4 ×1 , it is assumed that 1 = 1 + 2 , 2 = 3 + 4 , 3 = 5 + 6 , and 4 = 7 + 8 . Substituting them into (9), the displacement can be simplified as
According to the calculating principle of complex method, the corresponding imaginary part is the steady-state solution to the mechanical response of vertical beam under harmonic seismic loading. Then
= 2 A preliminary supporting scheme is using fixed end anchors and frame supporting structure. The dynamic safety factor is considered as 1.2, calculated by the pseudostatic method, and the design scheme is shown in Figure 2 .
From Figures 3, 4 , and 5, the displacement, bending moment, and shear force response of vertical beam have been given when damping effect of anchorage system is neglected, while from Figures 6, 7, 8, 9 , 10, 11, 12, and 13, corresponding response has been given at special sections (intersection and midspan section) and typical moment (according to moment of acceleration peak). It is found that the displacement, bending moment, and shear force response of vertical beam vibrate synchronously with earthquake. The law of bending moment and shear force response shows agreement with the harmonic forced vibration characteristic of two-end cantilevered continuous beam, and the anchor to the frame supporting structure is just like the bearing to the continuous beam. More specifically, the bending moment response at intersection opposite to the one at midspan section and the shear force response show a jumping from the left hand to the right hand at the intersection of vertical beam, just as illustrated in Figures 12 and 13 . What is more, the cantilevered length at the two ends of vertical beam has noticeable influence on the mechanical response of frame supporting structure. The larger the cantilevered length is, the more the bending moment of intersection is, and the greater the difference of bending moment between intersection and midspan section is. Examining the frame supporting structure independently, the bending moment can keep good balance for the whole vertical beam when its cantilevered length is 0.2 or 0.25 times the anchor adjacent spacing, referring to the design experience of two-end cantilevered continuous beam. However, the cantilevered length of vertical beam is still related to the arranging scheme of anchors; actually the length even decides the arrangement of anchors and directly influences the slope supporting effect of anchors. Hence, in specific engineering design, the determination of cantilevered length should also consider the factors such as mechanical characteristic of vertical beam and slope supporting effect of anchors.
Just as shown from Figures 14, 15 , and 16, the displacement, bending moment, and shear force response of vertical beam with damping effect considered have been given as well. The overall trend is similar to the previous one with damping effect neglected. When considering anchorage system damping effect, the solutions can be obtained by using steady-state complex method, and the peak values of the displacement, bending moment, and shear force are smaller than the ones with damping effect neglected. Even though the response shows some attenuation characteristic of amplitude in terms of magnitude, it does not demonstrate the attenuation characteristic of amplitude in terms of time. What is more, the mechanical responses show certain initial phases, which can be attributed to the dynamic behaviors of vertical beam under steady-state vibration with damping.
Finite Difference Method for Vertical Beam under Forced Vibration

Finite Difference Format for Dynamic Response Analysis.
The numerical solutions to dynamic governing equation (4) could be also achieved by using finite difference method. According to the basic principles of finite difference method [16] , the research area (0 ≤ ≤ , 0 ≤ ≤ ) can be divided into subregions . The whole region of can be redivided into many grids Δ Δ 1 ( , − −1 + 1), which is shown in Figure 17 . Meanwhile, in order to guarantee the convergence and stability of calculation, the ratio of the grids should meet the following condition: = Δ /Δ 2 ≤ √ 1 ( = 1 ∼ ). The governing equation (4) can be expanded according to central difference formula, and the difference format of dynamic equation for grid node ( , ) can be obtained: 
where
. Likewise, the boundary equations (5) and (6) can be expanded by endpoint derivative differential formula, and the corresponding differential equation can be attained: (2 ( , ) − 5 ( , − 1)
The displacement response of th column grid nodes should also satisfy the following initial conditions: In (17), V 0 is the initial velocity of vertical beam. If the harmonic vibration is needed, then the initial velocity can be defined as
Equations (15)- (17) can be simplified and the finite difference format for the dynamic response of vertical beam is shown as 
According to the finite difference method mentioned above, for a specific engineering problem, the displacement of grid points in the initial and the first row can be calculated by (18). For the second row, the displacement of all the grid nodes in interior columns can be decided by (19), the grid nodes in exterior boundary columns and their adjacent columns (columns 0, 1, −1, and ) can be decided by (20) and based on (21), the node displacement of all the interior boundary adjacent columns can be achieved. Likewise, the displacement for all the grid nodes from row 3 to row can be decided.
After getting the displacement of all grid nodes, according to = ( 2 / 2 ) and = ( 3 / 3 ), the numerical solutions to the bending moment and shear force response of vertical beam can be obtained by conducting the finite difference to the displacement of all grid nodes again.
Comparative Analysis and Discussion.
Similarly, based on previous case study, the slope is considered under horizontal harmonic seismic loading and with anchoring system damping neglected or considered, respectively. The numerical solutions to the dynamic response of vertical beam can be achieved by using finite difference method and MATLAB programming, and = Δ /Δ 2 = 0.00001/(0.25 × 0.25) = 0.00016 ≤ √ 1 = 0.002 ( = 1 ∼ 5).
In order to verify the correctness of the two methods above, the solutions of intersection = 1.5 m by different methods and with damping effect neglected or considered are shown in Figures 18 and 19 .
When damping effect is neglected, according to Figure 18 , it is found that the calculation results by the three methods share similar vibration trend and only show slight difference in amplitude; generally speaking, the finite element solution mentioned previously is the smallest due to the size of finite difference grids and it achieved by method of Literature [7] is second because of the calculated amount of high order vibration mode, and the theoretical solution mentioned previously is the largest and the most reasonable, but the accuracy of two previous methods can be, respectively, improved by decreasing grid ratio and increasing the calculated amount so that the results of the three methods show more excellent agreement, which indicates the reasonability and feasibility of two proposed methods under the condition of neglecting damping effect.
When damping effect is considered, as shown in Figure 19 , the proposed theoretical solution and literature [7] solution are also well consistent and the former is slightly larger than the latter. Through the comparison and analysis of Figures 14, 15, 16, and 19 , it is found that when using the finite difference method, the attenuation characteristic of vertical beam response can be clearly shown in the first second and then with the passing of time the vibration mode is gradually degenerated into constant state, while no attenuation characteristic is shown and the calculating result keeps steady state all the time if using the theoretical methods. So in the first second, the calculating results used the finite difference method and theoretical methods have considerable difference, which is attributed to the theoretical solution based on steady-state complex method. Specifically, the calculating result using finite difference method is larger than the result using theoretical methods in the first second. After the first second, the vibration pattern and the amplitude are consistent by using these three methods. Besides, the finite difference method not only can demonstrate the attenuation characteristic of amplitude in terms of magnitude in the damping anchorage system, but also can illustrate the attenuation characteristic of amplitude in terms of time, and its calculating result will be more reliable and reasonable.
Generally speaking, the finite difference method can not only be applied to the dynamic response analysis of frame supporting structure under harmonic earthquake, but also be used to the analysis of random seismic loading.
Besides, it can demonstrate the attenuation characteristics of amplitude in terms of both magnitude and time; in other words, it can indicate the damping effect better. Therefore, the calculating result obtained by finite difference method would be more approximate to actual conditions and hence be more reliable and reasonable. However, the analytical method is only confined to the analysis of frame supporting structure under harmonic earthquake. Besides, it can only reflect the attenuation characteristics of amplitude in terms of magnitude and the peak value of mechanical response got by analytical method would be underestimated; as a result potential hazards may be brought about. What is more, based on steady-state complex method, its mechanical responses have initial phase values, which are clearly contradictory to the reality.
Conclusions
Through the dynamic response analysis of frame supporting structure of slope under harmonic forced vibration, the conclusion follows.
(1) Based on certain assumptions and force analysis of segment of infinitesimal length, the dynamic governing equation of vertical beam under forced vibration is derived and the analytical solutions to the dynamic response of vertical beam under harmonic forced vibration are obtained. Meanwhile, according to finite difference method, the finite difference format and corresponding calculating procedure for dynamic response of vertical beam under forced vibration are established and finally programmed by using MATLAB language.
(2) In the case studies, three methods have been used in the dynamic response analysis and with damping effect neglected or considered, respectively. The feasibility and correctness of the two proposed methods have been examined, and the characteristic of each method has been summarized.
(3) Under horizontal harmonic seismic loading, the mechanical response of vertical beam would synchronize correspondingly. Its response law shows agreement with the one of two-end cantilevered continuous beam, and the anchor to the frame supporting structure, is just like the bearing to the continuous beam. In specific engineering design, the factors such as mechanical characteristic of vertical beam and slope supporting effect of anchors should also be considered.
(4) Compared with analytical solutions, the finite difference method can simulate the dynamic response of frame supporting structure under various earthquake conditions, and it also can indicate the damping effect of anchorage system very well; hence the calculating result obtained is more reliable and reasonable. Moreover, the finite difference method is achieved based on programming calculation, its calculation speed and accuracy can be guaranteed, and hence it has broad application prospect.
